Abstract. Let A/Q be an elliptic curve having split multiplicative reduction at an odd prime p. Under some mild technical assumptions, we prove the statement:
Introduction
Let A be an elliptic curve defined over Q, let L(A/Q, s) be its Hasse-Weil L-function, and let X(A/Q) be its Tate-Shafarevich group. The (weak form of the) conjecture of Birch and Swinnerton-Dyer predicts that X(A/Q) is finite, and that the order of vanishing ord s=1 L(A/Q, s) of L(A/Q, s) at s = 1 equals the rank of the MordellWeil group A(Q). The main result to date in support of this conjecture comes combining the fundamental work of Kolyvagin [Kol90] and Gross-Zagier [GZ86] (KGZ Theorem for short):
r an := ord s=1 L(A/Q) ≤ 1 =⇒ rank Z A(Q) = r an and # X(A/Q) < ∞.
Let p be a rational prime, let r alg ∈ {0, 1}, and let X(A/Q) p ∞ be the p-primary part of X(A/Q). By the p-converse of the KGZ Theorem in rank r alg we mean the conjectural statement: rank Z A(Q) = r alg and # X(A/Q) p ∞ < ∞ ? =⇒ ord s=1 L(A/Q, s) = r alg .
Thanks to the fundamental work of Bertolini-Darmon, Skinner-Urban and their schools, we have now (at least conceptually) all the necessary tools to attach the p-converse of KGZ. Notably: assume that p is a prime of good ordinary reduction. In this case the p-converse of the KGZ Theorem in rank 0 follows (under some technical assumptions) by [SU14] . In the preprint [Ski14] , Skinner combines Wan's Ph.D. Thesis [Wan14] −which proves, following the ideas and the strategy used in [SU14] , one divisibility in the Iwasawa main conjecture for RankinSelberg p-adic L-functions− with the main results of [BDP13] and Brooks's Ph.D. Thesis [Bro13] (extending the results if [BDP13] ) to prove many cases of the p-converse of KGZ Theorem in rank 1. In the preprint [Zha14] , W. Zhang also proves (among other things) many cases of the p-converse of the KGZ Theorem in rank 1 for good ordinary primes, combining the results of [SU14] with the results and ideas presented in Bertolini-Darmon's proof of (one divisibility in the) anticyclotomic main conjecture [BD05] . The same strategy also appears in Berti's forthcoming Ph.D. Thesis [Ber14] .
The aim of this note is to prove the p-converse of the KGZ Theorem in rank 1 for a prime p of split multiplicative reduction for A/Q (under some technical assumptions). Our strategy is different from both the one of [Ski14] and the one of [Zha14] , and is based on the (two-variable) Iwasawa theory for the Hida deformation of the p-adic Tate module of A/Q. Together with the results of the author's Ph.D. Thesis [Ven13] , and then Nekovář's theory of Selmer Complexes [Nek06] (on which the results of [Ven13] rely), the key ingredients in our approach are represented by the main results of [BD07] and [SU14] (see the outline of the proof given below for more details).
The main result. Let A/Q be an elliptic curve having split multiplicative reduction at an odd rational prime p. Let N A be the conductor of A/Q, let j A ∈ Q be its j-invariant, and let ρ A,p : G Q → GL 2 (F p ) be (the isomorphism class of) the representation of G Q on the p-torsion submodule A[p] in A(Q).
Theorem A. Let A/Q and p = 2 be as above. Assume in addiction that the following properties hold:
1. ρ A,p is irreducible; 2. there exists a prime q N A , q = p such that p ∤ ord q (j A ); 3. rank Z A(Q) = 1 and X(A/Q) p ∞ is finite. Then the Hasse-Weil L-function L(A/Q, s) of A/Q has a simple zero at s = 1.
Combined with the KGZ Theorem recalled above, this immediately implies:
Theorem B. Let A/Q be an elliptic curve having split multiplicative reduction at an odd rational prime p. Assume that ρ A,p is irreducible, and that there exists a prime q N A , q = p such that q ∤ ord q (j A ). Then: ord s=1 L(A/Q, s) = 1 ⇐⇒ rank Z A(Q) = 1 and # X(A/Q) p ∞ < ∞.
If this is the case: the whole Tate-Shafarevich group X(A/Q) is finite.
Outline of the proof. Let A/Q be an elliptic curve having split multiplicative reduction at a prime p = 2, and let f = ∞ n=1 a n q n ∈ S 2 (Γ 0 (N A ), Z) new be the weight-two newform attached to A by the modularity theorem of Wiles, Taylor-Wiles et. al. Then N A = N p, with p ∤ N and a p = +1. Let us assume that ρ A,p is irreducible.
Let f = ∞ n=1 a n q n ∈ I q be the Hida family passing through f . Referring to the precise definitions given below, we content ourself here to quote that I is a normal local domain, finite and flat over Hida's weight algebra Λ := O L Γ with O L -coefficients, where Γ := 1 + pZ p and O L is the ring of integers of a 'sufficiently large' finite extension L/Q p . I admits a natural injective morphism (Mellin transform): I ֒→ A (U ), where U ⊂ Z p is a suitable p-adic neighbourhood of 2, and A (U ) ⊂ L k − 2 denotes the ring of L-valued p-adic (locally) analytic functions on U . Write
with a n (k) ∈ A (U ) defined as the image of a n ∈ I under the injection above. Then, for every classical point κ ∈ U cl := U ∩ Z ≥2 , the weight-κ-specialization f κ := ∞ n=1 a n (κ)q n is the q-expansion of a normalised Hecke eigenform of weight κ and level Γ 1 (N p); moreover f 2 = f . For every quadratic character χ of conductor coprime with p, a construction of Mazur-Kitagawa and Greenberg-Stevens [BD07, Section 1] attaches to f ∞ and χ a two-variable p-adic analytic L-function L p (f ∞ , χ, k, s) on U × Z p , interpolating the special complex L-values L(f κ , χ, j), where κ ∈ U cl , 1 ≤ j ≤ κ − 1 and L(f κ , χ, s) is the Hecke L-function of f κ twisted by χ. (Here s is the 'cyclotomic variable', and k is the 'weight-variable'.) In particular, we define the central critical p-adic L-function of (f ∞ , χ): L cc p (f ∞ , χ, k) := L p (f ∞ , χ, k, k/2) ∈ A (U ) by restricting the Mazur-Kitagawa p-adic L-function to the central critical line s = k/2 in the (s, k)-plane.
On the algebraic side: Hida theory attaches to f a central critical deformation T f of the p-adic Tate module of A/Q. T f is a free rank-two I-module, equipped with a continuous, I-linear action of G Q , such that: for every classical point κ ∈ U cl (s.t. κ ≡ 2 mod 2(p − 1)) the base change T f ⊗ I,evκ F is isomorphic to the central critical twist V fκ (1 − κ/2) of the (contragradient of the) p-adic Deligne representation V fκ attached to f κ , where ev κ : I ֒→ A (U ) → L denotes the morphism induced by evaluation at κ on A (U ). Moreover: T f is nearly-ordinary at p, i.e. it admits (for any fixed decomposition group
For every number field F/Q, define the (strict) Greenberg Selmer group:
for the Pontrjagin dual of Sel cc Gr (f /F ). It is a finitely generated I-module. After having fixed these notations, we are now ready to list the main steps entering in the proof of Theorem A.
Step I: Skinner-Urban's divisibility. Let K/Q be an imaginary quadratic field in which p splits. Assume that the discriminant of K/Q is coprime to N A , and write N A = N + N − , where N + (resp., N − ) is divisible precisely by the prime divisors of N A which are split (resp., inert) in K. Assume the following "generalised Heegner hypothesis" and "ramification hypothesis":
• N − is a square-free product of an odd number of primes.
• ρ A,p is ramified at all prime divisors of N − .
Under some additional technical hypotheses on the data (A, K, p, . . . ) (cf. Hypotheses 1, 2 and 3 below), the main result of [SU14] , together with some auxiliary computations, allows us to deduce the following inequality:
Here L
, where χ triv is the trivial character and ǫ K is the quadratic character attached to K.
→ L is the kernel of the morphism induced by evaluation at k = 2 on A (U ); it is an height-one prime ideal of I, so that the localisation I p f is a discrete valuation ring. Finally: we write length p (M ) to denote the length over I p f of the localisation M p f , for every finite I-module M .
Remark. The main result of Skinner and Urban [SU14] mentioned above, which proves one divisibility in a three variable main conjecture for GL 2 , takes place "over K", for K/Q as above, and not over Q. This is why we will need to consider a base-change to such a K/Q in our approach to Theorem A.
Remark. By assumption:
A/Q has split multiplciative reduction at p, and as well-known this implies that L p (f ∞ , χ triv , k, s) has a trivial zero at (s, k) = (2, 1) in the sense of [MTT86] . Moreover, the hypothesis
. This is the reason behind the appearance of the addend 2 on the R.H.S. of (1).
Remark. The "generalized Heegner hypothesis" implies that
is the quadratic twist attached to A and K) have the same sign in their functional equations at s = 1. The Birch and SwinnertonDyer conjecture then predicts that the ranks of A(Q) and A K (Q) ∼ = A(K) − have the same parity; in particular rank Z A(K), and then ord s=1 L cc p (f /K, k) should be even.
Step II: Bertolini-Darmon's exceptional-zero formula. Let K/Q be as in Step I. Assume moreover:
• sign(A/Q) = −1 where sign(A/Q) ∈ {±1} denotes the sign in the functional equation satisfied by the Hasse-Weil L-function L(A/Q, s). As remarked above, this implies that sing(A K /Q) = −1 as well. The analysis carried out in [GS93] and [BD07] tells us that, for both χ = χ triv and χ = ǫ K :
this is once again a manifestation of the presence of an exceptional zero at (s, k) = (2, 1) for the Mazur 
where · = denotes equality up to a non-zero factor, log A : A(Q p ) → Q p is the formal group logarithm, and P χ ∈ A(K) χ is a Heegner point. This formula implies the following statement:
i.e. if and only if the Hasse-Weil L-function of the χ-twist A χ /Q has a simple zero at s = 1. (Here of course
Step III: bounding the characteristic ideal. Let χ denotes either the trivial character or a quadratic character of conductor coprime with N p, and write K χ := Q or K χ /Q for the quadratic field attached to χ accordingly. Making use of Nekovář's theory of Selmer-Complexes (especially of Nekovář's generalised Cassesl-Tate pairings in particular) [Nek06] , we are able to relate the structure of the
χ ⊗ I I p f to the properties of a suitable Nekovář's half-twisted weight pairing: 
−, −
Nek,χ V f ,π is a bilinear and skew-symmetric form on A † (K χ ) χ (see Section 5). Assume here that the following conditions are satisfied:
χ ⊗ Q and a certain Tate's period q χ ∈ A † (K χ ) χ (which does not comes from a K χ -rational point on A). In the author's Ph.D. Thesis [Ven13] we proved:
where · = denotes again equality up to a non-zero multiplicative factor. This formula immediately implies that Nekovář's pairing −, −
Combining this fact with the results mentioned above −relating the structure of the
Remark. The results briefly mentioned above, and relating the structure of
V f ,π , are nothing but an analogue in our setting of the algebraic p-adic Birch and Swinnerton-Dyer formulae proved by Schneider in [Sch83] and Perrin-Riou in [PR92] . On the other hand, being here only interested in the 'order of vanishing of the characteristic ideal of
χ at p f ' and not in its 'leading coefficient', we will use a more direct and simple argument, following by results of [Nek06] .
Remark. Formula (4) is crucial here. Indeed, as remarked above, it allows us to deduce the non-degeneracy of 'our height pairing' −, − Nek,χ V f ,π ; the analogue of this result in cyclotomic Iwasawa theory (i.e. Schneider conjecture in rank-one) seems out of reach at present.
Remark. The pairing
χ , which is an extension of the (χ-component of the) usual Bloch-Kato Selmer group of A/K χ by the Q p -module generated by q χ . Indeed, to be precise: it is the non-degeneracy of −, − Nek,χ V f ,π on this extended Selmer group to be directly related to the structure of the
where L/Q p is fixed above), and equals it precisely if the p-primary part of X(A/K χ ) χ is finite. This is exactly why we need the hypothesis on X(A/K χ ) in order to deduce (5).
Remark. The preceding results, and (4) in particular, should be considered as an 'algebraic counterpart' of Bertolini-Darmon's exceptional zero formula. Indeed, this point of view is developed in [Ven14a] (extending the results of Part I of the author's Ph.D. thesis [Ven13] ), and leads to the formulation of two-variable analogues of the Birch and Swinnerton-Dyer conjecture for the Mazur-Kitagawa p-adic L-function L p (f ∞ , χ, k, s). Formula (4) −to be considered part of Nekovář's work− together with Bertolini-Darmon's exceptional zero formula [BD07] , also represent crucial ingredients in the proof given in [Ven14b] of the Mazur-Tate-Teitelbaum exceptional zero conjecture in rank one.
Step IV: conclusion of the proof. Assume that the hypotheses of Theorem A are satisfied. Thanks to Nekovář's proof of the parity conjecture [Nek06] , we have sign(A/Q) = −1. By the main result of [BFH90] and hypothesis 2 in Theorem A, we are then able to find a quadratic imaginary field K/Q which satisfies the hypotheses needed in Steps I and II, with N − = q, and such that L(A K /Q, s) has a simple zero at s = 1, i.e.:
An application of the KGZ theorem gives
Together with hypothesis 3 in Theorem A, this implies that the hypothesis needed in Step III are satisfied by both the trivial character χ = χ triv and χ = ǫ K . Then:
Together with (6), this implies that L(A/Q, s) has a simple zero at s = 1, as was to be shown.
Hida Theory
Let us fix for the rest of this note an elliptic curve A/Q having split multiplicative reduction at an odd rational prime p. Let N A be the conductor of A/Q, so that N A = N p, with p ∤ N , and let
new be the weight-two newform attached to A/Q by modularity. We fix a finite extension L/Q p , with ring of integers O = O L . We also fix (once and for all) an embedding i p : Q ֒→ Q p , under which we will identify algebraic numbers inside Q p . This also fixes a decomposition group at p: i *
* , and let
to which the p-ordinary newform f belongs [Hid86, Section 1], and let I be the integral closure of Λ in the finite extension K /L . For every n ∈ N, we will write a n ∈ I for the image in I of the nth Hecke operator T n . By [Hid86, Corollary 1.5], there exists a unique morphism of O-algebras
such that φ f (a n ) = a n for every n ∈ N; moreover, φ f maps the image of Z * N,p in I to 1 (as f has trivial neben type). I is a normal local domain, finite and flat over Hida's weight algebra Λ. The domain I is called the (branch of the) Hida family passing through f . This terminology is justified as follows.
By an arithmetic point on I we mean a continuous morphism of O L -algebras ψ : I → Q p , whose restriction to Γ (with respect to the structural morphism Λ → I) is of the form ψ| Γ (γ) = γ k ψ −2 · χ ψ (γ), for some integer k ψ ≥ 2 and some finite order character χ ψ on Γ. We call k ψ and χ ψ the weight and (wild) character of ψ respectively. We also write c ψ ≥ 0 for the smallest integer s.t. χ(γ) p c ψ = 1, where γ is any topological generator of Γ. We will write X arith (I) for the set of arithmetic points on I. Note that φ f ∈ X arith (I) is an arithmetic point of weight 2 and trivial character. Let
Then: for every ψ ∈ X arith (I), the specialization of f at ψ:
is a p-stabilized ordinary newform of tame level N , weight k ψ and character ξ ψ := χ
Moreover, we recover f as the φ f -specialization of f :
Let ψ ∈ X arith (I) be an arithmetic point, and let F ψ = ψ(I)/m ψ be the residue field of ψ(I). Write ρ ψ : G Qp → Gal(F ψ ) for the semi-simplication of the reduction modulo m ψ of the contragradient Deligne representation attached to f ψ : then ρ ψ is unramified at every prime ℓ ∤ N p, and Trace(ρ ψ (Frob ℓ )) = ψ(a ℓ ) for every prime ℓ ∤ N p, where Frob ℓ ∈ G Q ℓ is an arithmetic Frobenius at ℓ. Enlarging eventually L/Q p , we can assume that
Then the representation ρ ψ does not depends, up to isomorphism, on the the arithmetic prime ψ ∈ X arith (I); we write ρ f for this isomorphism class and we will assume from now on the following
Hypothesis 1 (irr). ρ f is (absolutely) irreducible.
Under these assumptions, it is known that
F is a free I-module of rank one. [Hid86] , [SU14] ). Thanks to our Hypothesis 1, T f is a free I-module of rank two, equipped with a continuous action of G Q , unramified at every prime ℓ ∤ N p, such that:
Hida's representations
is an arithmetic Frobenius at ℓ and [·] : Γ ⊂ Λ → I is the structural morphism. Write χ cy,N : 
f is an I-direct summand of T f of rank one, which is invariant under the action of the decomposition group
f is an unramified G Qp -module, and the frobenius Frob p ∈ G Qp /I Qp acts on it via multiplication by the p-th Fourier coefficient a p ∈ I * of f . In other words:
* is the unramified character sending Frob p to a p , and we write again χ cy :
Given an arithmetic point ψ ∈ X arith (I), let V ψ be the contragradient of the p-adic Deligne representation attached to the eigenform f ψ : it is a two-dimensional vector space over K ψ = Frac(I/ker(ψ)), equipped with a continuous K ψ -linear action of G Q which is unramified at every prime ℓ ∤ N p, and such that the trace of Frob ℓ acting on V ψ equals the ℓth Fourier coefficient ψ(a ℓ ) = a ℓ (f ψ ) of f ψ , for every ℓ ∤ N p. As proved by Ribet, V ψ is an absolutely irreducible G Q -representation, so that the Chebotarev density theorem, together with the 'Eichler-Shimura' relation (7) tells us that there exists an isomorphism of
In other words: T f interpolates the (contragradient) of the Deligne representations of the 'members' of the Hida family f . (Note: T f is the contragradient of the representation denoted by the same symbol in [SU14] .) Together with the representations T f , we are here particularly interested in a certain self-dual twist T f of it, defined as follows. Let us define the critical character :
where the isomorphism is given by the p-adic cyclotomic character χ cy : Gal(Q(µ p ∞ )/Q) ∼ = Z * p . (As p = 2 by assumption, Γ = 1 + pZ p is uniquely 2-divisible (e.g. by Hensel's Lemma), so that √ · : Γ ∼ = Γ is defined.) Let
where we write for simplicity [χ cy ] −1/2 for the inverse of [χ cy ] 1/2 . By (8), T f satisfies the crucial property:
i.e. the determinant representation of T f is given by the p-adic cyclotomic character. As explained in [NP00] , this implies that there exists a skew-symmetric morphism of
inducing by adjunction isomorphisms of I[G Q ]-and I[G Qp ]-modules respectively:
arith (I) ′ be the set of arithmetic points ψ of trivial character and weight
In particular:
The theorem of Skinner-Urban
The aim of this Section is to state the main Theorem of [SU14] in our setting. In order to do that, we will recall Skinner-Urban's contruction of a three-variable p-adic L-function attached to f and a suitable quadratic imaginary field, and we will introduce the Greenberg-style Selmer groups attached to the Hida family f .
arith (I), a primitive Dirichlet character ǫ of conductor C ǫ coprime with p, and a finite set S of rational primes, we say that an Iwasawa function L
if it satisfies the following interpolation property. For every finite order character χ ∈ G ∞ → Q * p of conductor p cχ and every integer 1 ≤ j ≤ k ψ − 2:
where the notations are as follows.
is any canonical period of f ψ , as defined, e.g. in [SU14] 3 . We recall that Ω ± f ψ is an element of C * , defined only up to multiplication by a p-adic unit in O ψ , and such that the quotient appearing in the second line of the equation above lies in the number field K f ψ = Q (ψ(a n ) : n ∈ N) generated by the Fourier coefficients of f ψ . Together with the Weierstrass preparation Theorem, this implies that L 2.2. Skinner-Urban three variable p-adic L-functions. Let K/Q be a quadratic imaginary field of (absolute) discriminant D K , let q K ∤ 6p be a rational prime which splits in K, and let S be a finite set of finite primes of K. We assume in this Section that the following hypothesis is satisfied.
Hypothesis 2. The data (K, p, L, q K , S) satisfy the following asumptions:
• D K is coprime with 6N p (i.e. 2, 3 and every prime divisor of N p is unramified in K/Q).
• p splits in K.
• L/Q p contains the finite extension
• S consists of all the primes of K which divide
satisfying the following property: given ψ ∈ X arith (I), write ψ cy :
is attached to every generator 1 f of the free rank-one I-module H f (mentioned at the end of Section 1.1), and it is a well defined element of I ∞ D ∞ only up to multiplication by a unit in I. We refer to [SU14, Theorems 12.6 and 12.7 and Proposition 12.8] for the interpolation property characterizing L S K (f ).
2.3. Greenberg Selmer groups. Let F/Q be a number field, and let F /F be a Z p -power extension of F , i.e. Gal(F/F ) ∼ = Z r p for some r ≥ 0. We write I F := I Gal(F /K) and
F is the 'tautological representation', and T f ⊗ I I F is an I F [G F ]-module with diagonal action, G F acting trivially on I F . For every place v of F dividing p, fix α v ∈ G Qp and β v ∈ G F such 3 We note that different normalisations for the canonical periods are used in different Sections of [SU14] . Accordingly, different powers of 2πi sometimes appear on the interpolation formulae displayed in loc. cit. 
− v for the corresponding I F -base changes. Then we define i
Let S be a finite set of finite primes of F containing all the primes which divide N pD F (where D F := disc(F/Q) ∈ Spec(Z) is the discriminant of F/Q), and let G F,S := Gal(F S /F ) be the Galois group of the maximal algebraic extension F S /F which is unramified at every finite prime v / ∈ S of F . As F /F (as any
Let a ∈ Spec(I F ). Let us write I *
is the Pontrjagin dual of I F /a. Define the (discrete) non-strict Greenberg Selmer group: 
It is a cofinitely generated I L -module, i.e. its Pontrjagin dual:
If a = 0, we write more simply:
By construction we have natural morphisms of I L /a-modules:
Here ord a : Frac(I L ) → Q ∪ {∞} is the (normalized) discrete valuation attached to the height-one prime a, and length a : ( IF Mod) ft → Z ∪ {∞} is defined by sending a finite I F -module M to the length over (I F ) a of the localization M a of M at a.
is a non-zero divisorial ideal (which is principal if I is a unique factorization domain). [SU14] . Let (K, p, L, q K , S) be as in Section 2.2, and assume (as in loc. cit.) that this data satisfies Hypothesis 2. In particular: K/Q is an imaginary quadratic field in which p splits. Let
The main result of
Together with Hypotheses 1 and 2, we have to consider:
is divided precisely by the prime divisors of N = N A /p which are split (resp., inert) in K. Then:
• N − is square-free, and has an odd number of prime divisors; • The residual representation ρ f is ramified at every prime ℓ N − .
The following fundamental and deep result is Theorem 3.26 of [SU14] .
Theorem 2.2 (Skinner-Urban [SU14] ). Assume that Hypotheses 1, 2 and 3 hold. Then
Restricting to the central critical line
The aim of this Section is to 'specialise' Skinner-Urban's result to the (cyclotomic) central critical line in the weight-cyclotomic space. More precisely: we will use Theorem 2.2 to compare the order of vanishing of a certain central-critical p-adic L-function of the weight-variable with the structure of a certain central-critical Selmer group attached to Hida's half-twisted representation T f .
In this Section, the notations and Hypotheses of Section 2.4 are in order. In particular: we assume that Hypotheses 1, 2 and 3 are satisfied.
3.1. The (localised) Hida family. Let φ = φ f ∈ X arith (I) be an arithmetic point of weight 2 and trivial character introduced in Section 1.1, with associated p-stabilized weight-two newform: f ∈ S 2 (Γ 0 (N p), Z) new . We will write p f := ker (φ) ∈ Spec(I)
i.e. the element ̟ wt ∈ Λ is a uniformizer in the discrete valuation ring I p f . Let W ⊂ Z p be a non-empty open neighbourhood of 2. We write A (W ) ⊂ Q p k − 2 for the subring of Q p -valued locally analytic functions on W . As explained in [GS93] (see also [NP00] 
characterised by the following properties: for every
: Λ → I being the structural morphism). For every positive integer n, write a n (k) := M(a n ) ∈ A (U ) for the image of the n-th Hecke operator a n ∈ I under M, and consider the formal q-expansion with coefficients in A (U ):
This is the 'portion' of the Hida family f we are mostly interested in. More precisely: let
be the subset of classical points, which is a dense subset of U . For every classical point κ ∈ U cl , the composition
evκ −→ Q p (with ev κ being evaluation at κ) is an arithmetic point with trivial character, and the weight-k specializationf k := f φ k = ∞ n=1 a n (κ)q n ∈ S κ (Γ 0 (N p)) is a p-stabilized normalised eigenform of weight κ and level Γ 0 (N p). By construction: f = f 2 . Moreover: N divides the conductor of f k for every k ∈ U cl (and f k is old at p for κ > 2, i.e. f k is the p-stabilization of a newform of level
be the subring of locally analytic functions on U × Z p × Z p . Let χ cy : G ∞ ∼ = 1 + pZ p be the p-adic cyclotomic character, and fix an isomorphism χ acy : D ∞ ∼ = 1 + pZ p . We can uniquely extend the Mellin transform M to a morphism of rings:
. In the rest of this note, the (cyclotomic) central critical line ℓ cc := {(k, s, r) ∈ U × Z p × Z p : r = 1; s = k/2} will play a key role. Let l be a prime of K contained in S, which does not divide p. Let ℓ = p be the rational prime lying below it: l ∩ Z = ℓZ. Define the central critical l-and S-Euler factors of f /K by
Remark 3.1. Let l ∈ S, and let (ℓ) = l ∩ Z, with ℓ ∤ p. By Hypothesis 2 (telling us that either ℓ|N or ℓ ∤ 6) and the Hasse's bound [Sil86, Chapter V], we have:
In particular, up to shrinking eventually the p-adic disc U , we can (and will) assume that
We can finally define the central critical p-adic L-function of f ∞ /K: 
where we wrote I ∞ := I K∞ = I G ∞ . Fix topological generators γ + ∈ G ∞ , γ − ∈ D ∞ and γ wt ∈ Γ, and write ̟ ? := γ ? − 1. As K/Q is unramified at p, we can (and will) assume assume that χ cy (γ + ) = γ wt , where we write once more χ cy : G ∞ ∼ = Γ = 1 + pZ p for the isomorphism induced by the p-adic cyclotomic character. Let:
−→ I * be the cyclotomic central critical Greenberg character. We can extend uniquely extend Θ + K to a morphism of I-algebras, denoted again by the same symbol, Θ + K : I K → I. As easily seen, its kernel P cc is given by:
cc is generated by ̟ − and ̟ cc . In analogy with the definitions above, we define the (cyclotomic) S-primitive central critical (non-strict) Greenberg Selmer group of f /K by:
Here T f = (T f , T + f ) is Hida's half-twisted representation defined in Section (1.2) and S is a set of finite primes of K containing all the prime divisors of N pD K . Moreover: For every prime v|p of K, we have an exact sequence 
With these notations, and the ones introduced in Section 2.3, we have the following 'perfect control Theorem'. (We remind the reader that (in particular) Hypotheses 1 and 3 are implicitly assumed in this Section.) Proposition 3.2. There exists a canonical isomorphism of I-modules:
Moreover, by [SU14, Proposition 3.9], the maps (15) induce isomorphisms:
−1/2 on G K,S (by the very definitions), so that we have
The same argument justify the statement for the ±-parts at a prime v|p.) As above (i.e. retracing the definitions), this implies that we have a canonical isomorphism of Selmer groups:
4 We should keep in mind that the 'cyclotomic variable' plays a non trivial role in the definition of Hida's half-twisted representation T f . Besides its very definition, this point is clarified in the proof of the following Lemma. This explain the appearance of the subscript Q∞ in the notation Sel S,cc
Let us consider the following commutative diagram with (tautological) exact rows:
As explained, e.g. in [Ski14, Lemma 2.8.1], Hypotheses 1 and 3 together imply that the restriction of ρ f to G K is irreducible. Then the first H 0 vanishes, and β is an isomorphism. By the Snake Lemma, the morphism α is injective, and its cockerel is a sub-module of ker(γ). To prove the claim (21) it is then sufficient to prove:
ker(γ) = 0.
Looking again at the exact I v -cohomology sequence arising from 0 → I * 
Since P cc = (a 1 , a 2 ) · I K , combined with the second isomorphism in (19), this concludes the proof.
Specialising Skinner-Urban to the central critical line.
We can finally state the following Corollary of the theorem of Skinner-Urban. For every f (k) ∈ A (U ), we write ord k=2 f (k) ∈ N to denote the order of vanishing of f (k) at k = 2. Given a finite I-module M , we write as usual length p f (M ) for the length of the localisation M p f over the discrete valuation ring I p f . Corollary 3.3. Assume that Hypotheses 1, 2 and 3 are satisfied. Then
Proof. Combining Skinner-Urban's Theorem 2.2 with Proposition 3.2, we easily deduce that the characteristic ideal of X S,cc Q∞ is contained in the principal ideal generated by the projection L S K (f ) mod P cc (cf. the proof of [SU14, Corollary 3.8]). In other words we have:
In particular: writing ord p f : Frac(I) → Z ∪ {∞} for the valuation attached to p f , we have
Write for simplicity L S,cc
By Rem. 3.1, to conclude the proof it remains to verify that
Note that, by the definition of the Mellin tranform M (and the normalisation χ cy (γ + ) = γ wt ) we have:
and then M(̟ cc )(k, k/2, 1) = 0. Similarly, writing ℓ wt := log p (γ wt ) and ℓ − := log p (χ acy (γ − )), we have:
Assume now that L S,cc
Since p f I p f is a principal ideal generated by ̟ wt (16), equation (26) gives:
On the other hand, we have by construction
Q∞ (f ) mod P cc , so that equations (25) and (26) give:
Combining the preceding two equations, we deduce that (24) holds in this case. Assume finally that L
, so that (24) holds also in this case (giving ∞ = ∞).
Bertolini-Darmon's exceptional zero formula
Let κ ∈ U cl be a classical point in U , let φ k ∈ X arith (I) be the associated arithmetic point (of weight κ and trivial character), and let f k ∈ S κ (Γ 0 (N p)) be the corresponding p-stabilized newform (see the preceding Section for the definitions). Let φ † κ : I G ∞ × D ∞ → Q p be the composition of φ κ with the morphsims of φ κ -algebras χ κ/2−1 cy
κ/2−1 for every σ ∈ G ∞ and h ∈ D ∞ . As κ ≡ 2 mod 2(p − 1), p = 2, and p splits in K (i.e. ǫ K (p) = 1), by equations (11) and (12), we have:
By the very definitions of the central critical
Since U cl is dense subset of U , if we compare this formula with [BD07, Theorem 1.12], we obtain a factorization:
Here, for every quadratic Dirichlet character χ of conductor coprime with N p, L p (f ∞ , χ, k, s) ∈ A (U × Z p ) is a Mazur-Kitagawa p-adic two-variable L-function attached to f ∞ and χ in [BD07, Section 1], and we write simply
is characterised by its interpolation property (namely [BD07, Theorem 1.12]) up to multiplication by a nowhere-vanishing analytic function on U , so the preceding equality has to be interpreted up to multiplication by such a unit in A (U ).
The following seminal exceptional-zero formula is the main result (Theorem 5.4) of [BD07] , where it is proved under a technical assumption (namely the existence of a prime q N ) subsequently removed by Mok in If χ is non-trivial (resp., χ = 1), let K χ /Q be the quadratic character attached to χ (resp., let K χ := Q). Then 1. L p (f ∞ , χ, k, k/2) vanishes to order at least 2 at k = 2.
2. There exists a global point
5 By A(Kχ) χ we mean the subgroup of A(Kχ) on which Gal(Kχ/Q) acts as χ.
where log A is the formal group logarithm on A(Q p )
6
, and · = denotes equality up to some (explicit) non-zero factor. 3. P χ has infinite order if and only if the Hecke L-series L(f, χ, s) has a simple zero at s = 1.
Corollary 4.2. Let K/Q be a quadratic filed of discriminant D K coprime with N A = N p, and associated (primitive) quadratic character ǫ K : (Z/D K Z) * → {±1}. Assume that the following properties hold true:
Proof. (i), (ii) and (iii) guarantee that the hypotheses of the preceding Theorem are satisfied by both χ = 1 and χ = ǫ K . The Corollary then follows immediately by the Theorem and the factorisation (27).
Bounding the characteristic ideal via Nekovář's duality
Recall the weight-two (and trivial character) arithmetic prime φ f ∈ X arith (I) fixed in Section 3.1, and write as above p f := ker(φ f ), which is a height-one prime ideal of I. Let χ be a primitive quadratic Dirichlet character of conductor coprime with N p: if χ is non-trivial (resp., χ = 1), let K χ /Q be the quadratic character attached to χ (resp., let K χ := Q). Consider the strict Greenberg Selmer group of T f (see Section 1.2) over K χ :
where S is any finite set of finite primes of K χ containing all the primes dividing pN · D Kχ , G Kχ,S is the Galois group of the maximal algebraic extension of K χ which is unramified outside S, and K χ,v is the completion of K χ at v 7 . We write X cc Gr (f /K χ ) for its Pontrjagin dual, i.e.:
For every Z[Gal(K χ /Q)]-module M , we write M χ for the submodule on which Gal(K χ /Q) acts via χ (so that M χ := M is χ is trivial, and M χ is the submodule of M on which the nontrivial automorphism of Gal(K χ /Q) acts as −1 if χ is nontrivial). The aim of this Section is to prove the following:
Theorem 5.1. Let χ be a quadratic Dirichlet character of conductor coprime with N p. Assume that:
χ is isomorphic to the residue field of the discrete valuation ring I p f :
5.1. Nekovář's theory. In this Section we recall all the needed results from the fundamental paper [Nek06] . Unless explicitly specified, all notations and conventions are as in loc. cit.
5.1.1. Nekovář's Selmer complexes. Given a ring R, we write D(R) := D( R Mod) for the derived category of complexes of R-modules, and
for the subcategory of cohomologically bounded complexes, with cohomology of finite (resp., cofinite) type over R.
Recall our self-dual, ordinary I-adic representation T f = (T f , T ± f ), defined in Section 1.2, and write
The Kummer dual representation satisfies:
6 Writing Φ Tate : Q * p /q Z ∼ = A(Q p ) for the Tate p-adic uniformization of A, we define log A := log q •Φ −1
Tate : A(Q p ) → Q p , where log q is the branch of the p-adic logarithm vanishing at the Tate period q ∈ pZ of A/Qp.
7 More precisely, we should write Sel cc Gr (f /K) for the Selmer group already defined. On the other hand, we are interested here only in the structure of its localisation at p f , and such a localisation does not depend (up to canonical isomorphism) by the choice of S. This 'justify' our imprecise notation.
Given a multiplicative subset S of a ring R, and an R-module M , write as usual S −1 M for the localisation of M at S . Let S be a multiplicative subset of I or O L . Let
, O L } be the corresponding 'coefficient ring'. We remind that S is a finite set of primes of K χ , containing all the primes dividing N p · D K . Let us fix, for every v|p, an embedding ρ v : Q ֒→ Q p such that the completion
e. a decomposition group at v. Recall the embedding i p : Q ֒→ Q p fixed at the beginning of this note (Section 1.1), so that T + f is a G Qp -submodule of T f with respect to the action of G Qp induced by i * As in [Nek06, Section 6], define local conditions ∆ S = ∆ S (X) for X/K χ as follows. 8 For a prime v ∈ S dividing p, let ∆ v (X) be the morphism:
For every S ∋ w ∤ p, we define ∆ w (X) to be the full local condition: i
The associated Nekovář's Selmer complex [Nek06] is defined as the complex of R X -modules:
where res S = ⊕ v∈S res v and i
It follows by standard results on continuous Galois cohomology groups [Nek06, Section 4] (essentially due to Tate [Tat76] ) that C • f (K χ , X) is cohomologically bounded, with cohomology of finite (resp., cofinite) type over R X if X is of finite (resp., cofinite) type over R X . We write
for the image of C
• f (K χ , X) in the derived category and its cohomology respectively. Let X ∈ {T f , T f }, let S be a multiplicative subset of R X ∈ {I, O L }, let R X = S −1 R X , and let X = S −1 X . Then we have natural isomorphisms in D(R X ) and RX Mod respectively:
, under which we will identify in what follows the complexes and the modules involved.
By [Nek06, Section 6] (i.e. essentially by the definition of Nekovář's Selmer complexes), we have a long exact cohomology sequence of R X -modules:
In particular this gives an exact sequence of R X -modules:
Here S(K χ , X) = S(K χ,S , X) is the (S-primitive, strict) Greenberg Selmer group of X/K χ , defined by:
8 Let R be a Noetherian, local complete ring with finite residue field of characteristic p, and let T be an R-module of finite or cofinite type, equipped with a continuous, linear action of G Kχ,S . For every w ∈ S, fix a decomposition group Gw at w, i.e. Gw := G Kχ,w ֒→ G Kχ ։ G Kχ,S . According to Nekovář's theory of Selmer complexes, a local condition at v ∈ S for T is the choice ∆w(T ) of a complex of R-modules U + w (T ), together with a morphism U
is the complex of continuous (non-homogeneous) T -valued cochains on G.
5.1.2.
A control theorem. We know that I p f is a discrete valuation ring, and that its maximal ideal p f I p f is generated by ̟ wt := γ wt − 1 ∈ Λ (16). 
where Lφ *
is the left derived functor of the base-change functor φ * f (·) := · ⊗ I,φ f L. (Note that, since f = f 2 has integral Fourier coefficients, the residue field I p f /p f I p f of I p f equals L.) This induces in cohomology short exact sequences of L-modules:
denotes the localization at S of the perfect duality π :
As a manifestation of Nekovář's wide generalization of Poitou-Tate duality, Section 6 of [Nek06] attaches to π X a morphism in D b ft (R X ): 
The global cup-product pairing ∪ Nek πX induces in cohomology pairings:
(for every q ∈ Z), which induces by adjunction isomorphisms of R X -modules
This follows by [Nek06, Proposition 6.6 .7], since RΓ cont (K χ,w , X) ∼ = 0 is acyclic for every prime w ∤ p of K χ .
(See also [Nek06, Propositions 12.7.13.3 and 12.7.13.4].) 5.1.4. Nekovář's duality II: generalised Pontrjagin duality. Let X denotes either T f or T f , let R X be either I or O L (accordingly), and let A X := Hom cont (X, µ p ∞ ) be the (discrete) Kummer dual of X. Appealing again to Nekovář's wide generalisation of Poitou-Tate duality, we have Pontrjagin dualities, for every q ∈ Z:
We refer the reader to [Nek06, Section 6] for the details. 5.1.5. Nekovář's duality III: generalised Cassels-Tate pairings. Section 10 of [Nek06] −which provides a wide generalization of a construction of Flach [Fla90] − attaches to π : T f ⊗ I T f → I(1) a skew-symmetric pairing:
where N tors = ker M i → M ⊗ I Frac(I) denotes the I-torsion submodule of M . We will write: 
We call ∪ CT π Nekovář (localized) Cassels-Tate pairing on T f ,p f . This is the pairing denoted ∪ π(p f ),0,2,2 in loc. cit. We refer to Sections 2.10.14, 10.2 and 10.4 of [Nek06] for the definition of ∪ CT π . 
Comparison with Bloch-Kato Selmer groups. Let
where V p (A) := Ta p (A) ⊗ Zp Q p is the p-adic Tate module of A/Q p with Q p -coefficients. We fix from now on such an isomorphism, and we will use it to identify V f with V p (A) ⊗ Qp L. Consider the classical (or Bloch-Kato [BK90] ) Selmer group attached to V p (A)/K χ via Kummer theory:
(it is easyly verified using Tate local duality and [Sil86, Chapter VII] that H 1 (K χ,w , V p (A)) = 0 for w ∤ p), sitting in a short exact sequence
where X(A/K χ ) is the Tate-Shafarevich group of A/K χ and V p (·) := lim ← − n≥1 (·) p n ⊗ Zp Q p is the p-adic Tate module of the abelian group (·) with Q p -coefficients. R. Greenberg [Gre97] has proved that we have an equality:
Since a p (f ) = a p (A) = +1 (as A/Q p has split multiplicative reduction), the
Chapter VII] and local Tate duality), (28) gives rise to an exact sequence:
(See Section 5.3 below for more details.) 5.1.7. Galois conjugation. Let X be as in Section 5.1.1. Section 8 of [Nek06] defines a natural action of
If τ is a nontrivial automorphism on K χ , we will write τ (x) or x τ for its action on x ∈ H q f (K χ , X). To be short: all the 'relevant constructions' we discussed above commutes with the action of Gal(K χ /Q). In particular, we mention the following properties. 
5.2. The half-twisted weight pairing. Define Nekovář's half-twisted weight pairing by the composition:
where the notations are as follows: the morphism i wt :
is the one appearing in the exact sequence (30) (taking q = 1). ∪ CT π is Nekovář's Cassels-Tate pairing attached to π : T f ⊗ I T f → I(1), and defined in Section 5.1.5. θ wt : Frac
for every a ∈ I p f . (We remind that ̟ wt ∈ Λ is a uniformizer in I p f (16)). Finally, ℓ wt := log p (γ wt ) (where ̟ wt := γ wt − 1). We note that both the morphisms i wt and θ wt depends on the choice of the uniformizer ̟ wt . Multiplication by ℓ wt serves the purposes of removing the dependence on this choice.
Since ∪ CT π is a skew-symmetric, Gal(K χ /Q)-equivariant pairing, and since i wt is a Gal(K χ /Q)-equivariant morphism (cf. Section 5.1.7), we immediately deduce that −, − Nek V f ,π is a skew-symmetric, Gal(K χ /Q)-equivariant pairing. (Of course, here we consider on L the trivial Gal(K χ /Q)-action.)
The aim in this Section is to prove the following key Proposition, whose proof uses all the power of Nekovář's results mentioned above. Let χ be (as above) a quadratic Dirichlet character of conductor coprime with N p, and write ǫ to denote either χ or the trivial character. Write −, − Nek,ǫ
(Of course, if χ is the trivial character, i.e. if K χ = Q, we are defining nothing new.) Given a ring R, a prime ideal P ∈ Spec(R) and an R-module M , we say that M is semi-simple at P if M P is a semi-simple R P -module.
Proposition 5.2. Let χ be a quadratic Dirichlet character of conductor coprime with N p, and assume that p splits in K χ . Let ǫ denotes either χ or the trivial character. Then the following conditions are equivalent:
ǫ is a torsion I-module, which is semi-simple at p f . If these properties hold true, then
ǫ is a torsion I-module, which is semi-simple at p f , and
Te Proposition will be an immediate consequence of the following three Lemmas (in which we will prove separately the equivalences 1 ⇐⇒ 3, 3 ⇐⇒ 2 and the last statement respectively).
ǫ is a torsion, semi-simple I p f -module.
Proof. Taking the ǫ-component of the exact sequence (30), we see that the restriction:
of the morphism i wt defined in (30) is surjective, and injective if and only if
Moreover, using the duality isomorphism (32), the latter condition is equivalent to:
Write for simplicity
is Gal(K χ /Q)-equivariant, p = 2 and ǫ is (at most) quadratic, the isomorphism (35) restricts to an isomorphism: By the structure theorem for finite, torsion modules over principal ideal domains, we can write 
= log qA P χ,p − log qA P χ,p = log A (ι p (P χ )) − log A (ι p (P χ )) = log A ι p P χ − P (where we used again the fact that −, − Nek V f ,π is skew-symmetric to compute P † χ , q χ
, and we wrote as above · = to denote equality up to multiplication by a non-zero factor in L * ). Since P χ ∈ A(K χ ) is a point of infinite order (and log A gives an isomorphism between A(Q p ) ⊗ Q p and Q p ): log A (P χ ) = 0, so that " det −, − Nek,χ V f ,π " = 0.
